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1. On the Transformation of Space-Time Coordinates
from Stationary to Moving Systems

P. FRANK, H. ROTHE
Ann. der Physik, Ser., 4, Vol. 34, No.5, 1911, pp.825-855

The equations of transformation which relate the space-time coordinates (%, ¥,
z, t) of a stationary system to that of a moving system (x', y', z', t') whose
speed q 1is constant in direction and megnitude, have obtained such importance in
Present-day physics that it may well be worth our while to undertake an accurate
examination of what fundamental assumptions of a physical (or other) nature are
necessary in order to derive the form of these equations. According to the theory
of relativity, they are given by the Lorentz transformation. If we designate the
velocity of light in a vacuum by ¢ and choose the coordinate system such that the
stationary and the moving systems coincide at time © and the moving system then

2
the Lorentz transformat

continues to propagate in the x direction, the ILoren ansformation is of the
well known form: (
1
t! = t-—2-x ),
1-g° c
c2
(1) 1

In the limit case c¢ = o , these equations contain the Galileo transformation:

(2) t'=t, x'=-qt+x.

The derivation of equations (1) in its present form is due to A. Einstein, [1]
and essentially rests on the following assumptions:

O_t.f,é When c¢ is the value of the velocity of light with respect to a system
at rest, the value of the velocity of light with respect to every system moving
uniformly relative to the first in a rectilinear fashion must also equal c¢ for all
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directions of propagation. Mathematically, this corresponds to the postulate that
the relations

x2+y2+22-c2t2=0 and x'2+y'2+z'2—c2t'2=0

be derivable from one another as a consequence of the transformation equations.

B) The transformation equations must be linearly homogeneous with respect to
coordinates; then their coefficients can depend only on 4 .

y) When -q is substituted for ¢q , the transformation must change to its
inverse (i.e., solved for X, ¥y, Z, t).

8) The contraction experienced by the lengths due to their motion must depend
not on the sign of q but only on its magnitude.

We should now like to demonstrate that the number of these assumptions may be
greatly limited, and especially that ), the postulate which appears to be most
important, namely, the postulate of the constancy of the velocity of light in
stationary or mivng systems, may be discarded.

Instead, our derivation is based on only the following two suppositions:

A. When we consider q a variable parameter, the transformation equations form
& linear homogeneous group.

B. The contraction in the lengths is not to depend on the sign of q , but only
on its magnitude.

The group characteristic of the transformation equation required in A must
necessarily be postulated if there is above all to exist a type of transformation
equation valid for all velocities q . For if the equations did not form a group,
then the cambination of two transformations, i. e., the transition fram one system
to one moving with the help of an intermediate system, would lead to equations of
quite a different form than the original ones.

We now proceed in such a manner that we first establish the most general
transformation equations that satisfy postulate A . We then obtain all those
which also fulfill postulate B by specializing the former. As a result, only
equations remain which either do not lead to any contraction at all or which coin-
cide with those of Lorentz (1). The former equations form a new type of transfor-
mation equations ("Doppler transformation") which contain the Galileo transfor-
mation (2) as a special case.

We have already published a part of the statements and formulas used here for
our proof in another paper [2], "On a Generalization of the Principle of Relativity
and the Mechanics Applicable Thereto" .
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Among these 1s the theorem of the addition of velocities for the most general
transformation equation satisfying postulate A .~

Mr. V. Ignatowsky [3] has already attempted to restrict Einstein's premises to
a smaller number.

When one also expresses his implied suppositions, one can render the contents
of his paper as follows: he avoids the assumption @) (constancy of the velocity
of light), but retains Einstein's postulate, 'v) in addition to our assumptions.
Furthermore, he immediately makes use of all the premises and does not establish the
most general transformation equation satisfying postulate A , from which alone the
position of the Lorentz transformation within all the others would become clearly
manifest.

This paper is organized, as follows: We make the following a priori assumption:

Y=y, z' =1z,

since the proof of these equations, while relatively simple, would merely encumber
our train of thought with avoidable cimnsiness, We examine, then, only the trans-
formation of x and t .

In Section I, we briefly restate the concepts and premises used here from the
Theory of Transformation Groups.**

In Sections, II , and III , we shall make use of these premises in the con-
text of the transformation equations determined by supposition A. In, Section IV ,
we shall introduce a parameter *** q which has the properties of a velocity. This
leads to the theorem of the addition of velocities. Examples relating to the fore-
going developments are given in, Section V . Finally, in , Section VI, we deter-
mine the form of the most general of the transformation equations satisfying postu-
late A, and, especially, the contraction as a function of the velocity q intro-
duced in, Section IV. 1In, Section VII, we then apply our postulate B to these,
and so obtain all the equations which satisfy our system of premises.

¥ Equation (12) and the one following it (not mumbered) in [2], p. 619.

**  VWe shall refer at all times to the elementary representation of the Theory
of Groups in the bock, "Vorlesungen Uber kontinuierliche Gruppen" ("Lectures on
Continuous Groups") by S. Lie and G. Scheffers, lLeipzig, 1893. [L4] .

**%  Compare also, Ph. Frank and H. Rothe, [2], p. 618.
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I.

1. Let t, x, p, be three variables such that t, x , are right-angle coor-
dinates of a point P in a t, x-plane, and p 1is a parameter. Further, let

ot, x, p), v(t, x, p)

be two single-valued, continuous and differentiable functions of the three argu-
ments * t, x, p for which the functional determinant

2
(%) S(oy)
o(t,x) g_;(g g_\xy_

does not vanish identically; moreover,

(5) %EEO, %%EO

may not hold simultaneously.
When a fixed value is imparted to the parameter p , a second pair of values

t' , x' 1is associated with each pair of values t, x by means of the two equations

(6) t' = ¢(t,x,p), x' = ¥(t,x,p)

This association is called a "transformation" and may be designated by TP . In its
geometric interpretation, transformation T.'P signifies a "point-by-point mapping"
of the t , x-plane onto a t', x' -plane which (as will be presupposed in the
following) may coincide with the t, x-plane. Hence, to begin with, we relate the
coordinates +t', x' of the transformed points P' +to the same coordinate system
as the coordinates t, x of the original points P .

2. If the parameter p runs continuously through the entire number-sequence
or a definite interval of it, we obtain an aggregate © of ool transformations 'I‘:p 3
each, of which, corresponds to a definite value of p ; this aggregate is also -
designated as a one-parameter (continuous) aggregate of transformations.

'If TP' is a second transformation of the aggregate @ which belong to the
parameter P' and which transforms the pair t', x' into t", x" so that then

* If necessary, the three variables t, x, p must be confined to a definite
domain of the t, x, p-manifold; to which every system of values t, x, p worthy
of further consideration must belong.
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(1) t" = o(t',x',p'), x"= y(t',x',p")

holds, by eliminating t' , x' from (6) and (7) s we then obtain equations

5 t" P (CP(’C,x,P), Ilf(t:x:P): p'),
( ) x"=¥ (Cp(t,X,P), ﬂf(t,X,p), P'):

which represent a transformation T which transforms t, x directly into t", x"

and is called the "product" of the two transformations TP and TP' ; one writes

(9) T= T

where the sequence in which the two transformations T and Tpa are fto be carried

out is given by the order of the factors of the product. In general,

10 T.T £TT
(10) p'p=I= pp"’

i.e., the commutative law is not valid for the composition of transformations.

3. In general, the product T of the two transformations TP, and- TP' of

© will be a transformation which does not belong to the aggregate & . However,

if the product of any two transformation from & always appears as a transformation
froin G , it is said that the transformations of the aggregate & possess the
group characteristic. In that case, i.e., the associative law 1is valid for pro-
ducts of three (and also for amy mumber of) factors.

If & possesses the group characteristic, i.e., if T belongs to & , then

equations (8) must take the form:

(12) t" = @t,x,0"), X" = y(t,x,p")
where

(13) p" = n(p,p")
is a function of p and p' only . ' ‘

We can now say that the transformations of a set & form a group A4 when
the following conditions are fulfilled:

A. The transformations of @ possess the group characteristic.

B. There exists a value of the parameter p = _'p0 for which

(1) q)(t:x,Po) =t, "f(t:x,Po) =X

The transformation Tp which belongs to thisbparameter and is represented by the
o]

equations

(15) t'=t, x'=x
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thus leaves every -pair t,x unchanged and is called the identity transformation.
C. For each transformation Tp there exists a second in & , whichwhen

combined with Tp in some sequence yields the identity transformation Tpo + This

second transformation is called the inverse transformation to TP and is desig-

nated by Tp’l s so that
-1 -1

16 T T =T T =T .
(26) PP P P Po

The inverse transformation of Tp is found by solving equation (6) for t and x ,

which can always be done since the functional determinant (4) does not vanish iden-

tically. As a transformation of set & , a parameter 5 , which is solely a
1

function of p , corresponds to the inverse transformation Tp_ of T;p « This
value is found with the help of condition
-1
17) T = T—
( p P

According to (13), the two values p and p satisfy the equation

(18) n(p, 5)

The group F is called "one-parameter" because it consists of wl transfor-

1

o, -

mations T .
p

4, If p is considered as a varisble to be transformed in (13) , and p' as a
parameter (or vice versa) , then this equation defines a one-parameter set of trans-
formations which also form a group J° if p" is the transformed variable. The
group J° is designated as the parameter group of /5 .

5. If o is an infinitesimal guantity, then transformation which belong to

the parameter
(19) p=7p,+ %

differs infinitesimally fram the identity transformation. This is the infinitesimal
transformation of the group, and it transforms a point P = (t,x) into an infinitely
close neighboring point P' which has the coordinates

(20) tt =t + &, x!'=x+0dx
where
(21) &t = 7(t,x)dp , & = &(t,x)%p

when we let
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(22) CP; (th:Po) =1(t,x), ‘,’;(t:x:Po) = &(t,x).

In equations (21), which define the infinitesimal transformation, &p should
be replaced by k . 8p (when Kk 1is a constant different from O ) without essen-
tially changing any property of group A . If two infinitesimal transformations
which are mutually dependent in this manmner are regarded as being identical, then
every one-parameter group contains only a single infinitesimal transformation.
Conversely, every arbitrary infinitesimal transformation (21) generates a particular
one-parameter group. The final equations (6) are found by integration of the simul-
taneous system '

dt! ax?

(23) ) T,y - ®
with the initial conditions:
(24) t' =t , x'=x for P =P,

6. If now x is considered as a function of t :
(25) x = f(t),

a curve I' in the t , x-plane is obtained; this is transformed by means of trans-

formation (6) into another curve I' with the equation

(26) ¥ = £ (t")
If one sets
1 t
(27) veZorr), w=55 =1 (),
then ' 1
¥ (8:%,p) + ¥ (£,x,p) . w
(28) w' = s

CPt'(t,X,P) + (P;c(t:x:P) . W

for which we may write briefly
(29) w o= x(t,x,w,p)

This is the transformation of w belonging to (6) .
For p= P, » according to (14), we obtain

' 1
(Pt(t:x)Po) =1, ch(t:x:Po) =0,

(30) ' '
wt(t’x’Po) = 0, ‘l’x(t:x:Po) =1,

hence:
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(31) X(t:xfw:Po) =W,
i.e.,

(32) w' =W,

= +

For p P, SP , we have
(33) w' = w+ O
and, we obtain for the infinitesimal transformation of w ,

f L4 H 1 2

= + - -

(34) Bw = (8, + (& - 7,) v— 1, wlep
or, more briefly:
(35) Ow = T](t:x.'w) . op

The equations (6) and (28) together again constitute a group ‘291 of transforma-
tions which transform the varisbles t, x, w into t', x', w' . This group 491_
is called the first extended group ; its infinitesimal transformation is given by
equations (21) and (34), and one may find from it the final equations (6) and (28)
of the group by integration of the simultanecus system
(36) dt' _ dx' dw'

1. N i 1 — = dp
Tl(‘t,X) e(t ,x ) "](t':x)W>
with the initial conditions
(37) t! = t, x' = x, w!=w for p= PO .

III

T. ILet us now select a coordinate system S consisting of a fixed straight
line, the x-axis, and a fixed point O , its origin. We imagine a fixed measuring
rod placed on the x-axis with the zero-point O and we imagine a clock attached
to each point on the rod.

If we then observe the motion of a material point M along the x-axis,
there corresponds to each position, a definite pair of values t, x, namely, a
definite position of the pointer of that clock which belongs to the point on the
axis with which M coincides, and a definite division of the measuring rod.
Every definite motion is represented by a definite equation, (25), and the
velocity w 1is then given by the first of the equations (27).

If we interpret the quantities t, X as coordinates of a point P of the

t, x-plane, then there corresponds to each position of M a definite point P ,
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which is called the "space-time point" of this position. We call t, x the
space-time coordinates measured in the system S . The entire motion of M is
represented by a continuous sequence of space-time points, i.e., by means of a
curve I', the equation of which is (25) and which is called the "world line of
this motion". The velocity w at time (time-point) t is equal to the direc-
tion coefficient of the tangent of the world line curve at the space-time point
P. The world line curve corresponding to a uniform motion of M is a straight
line.

8. Besides the system S , let us also examine, on the same straight line,
a singly infinite set of other systems S' (i.e., of other measurements of length
and time), each of which is associated with a certain value of a parameter p in
such a manner that the various values of p correspond to different systems S' .
An arbitrary space-time point P which possesses the space-time coordinates
t, x in the system S should then also possess definite space-time coordinates
t', x' in each of the systems $S' which would depend only on t, x, and D,
that is, the space-time coordinates t, x and t', x' of P are to be related
by equations of the form (6) with respect to S and S'. The quantities t!'
and x' are called the space-time coordinates of P measured in system S' . Asso-
» point, there are then an infinite number of pairs
t', x' corresponding to the infinite number of values of p . These pairs are
derived fram t, x by means of & one-parameter set @ of transformations (6).%*

If we carry out two transformation of the set G 1in succession by passing
from the system S to a second system S' by means of the transformation equa-
tion (6) and then use equation (7) in order to transform to a third system 8",
then the product of the two transformations, i. e., transformation (8) which serves
as a direct intermediate step from S to S" , must also belong to the set & ;
that is, the set G is to have the group characteristic.

We assume further that the original system S itself occurs among the systems
S' . If then the parameter p, is associated with it, then the equation (6) must
be transformed into equation (15) for p = P 1.e., the set & must contain the

identity transformation.

*

The final portion of Section II, beginning at this point, does not contri-
bute to the understanding of main argument of the paper, but merely serves to
render plausible our postulate A .
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Finally, we suppose that there is in the set & an inverse for each trans-
formation; then, for each parameter P , there is a second, p , such that D
and p satisfy equation (18) . 1In that case, the transformations of the set
(& form a one-parameter group v » and we may combine the above three asump-
tions into a single one by making the following supposition:

The transformations (6) which govern the transition of the space-time coordi-
nates t, x measured in the original system S to the space-time coordinates,

t', x' measured in a system S' , form a one-parameter group with parameter p .

9. 1In order to determine the group _.& further , we now make the following
further assumptions:

A. Every motion of a material point M which is uniform with respect to
the system S at rest, must also be uniform with respect to each of the moving
systems §S' . Hence, if the world line curve I' of a motion of M with respect
to S is a straight line , then the world line curve I', of the same motion
with respect to S' must also be a straight line; i.e., transformations of the
group ,5 must be of such a nature that they transform straight lines into straight
lines.

However, the only transformations of this type are projective transformations

(4] , that is, those which have equations (6) of the following special form:
a1,(p) +a12(p) x + a;5(p)
a31(p) + a3a(p)x + a33(p)

£ =

(38) )
o s an(P)t + a22(p)x + 8'23(P)

| esuer *ezp(p)xs a33(p)

The group & is then designated as a one-parameter projective group.

B. Every space-time point which has finite coordinates t »X with respect to
a system S ought also to have finite coordinates t', x' with respect to each
system S'. From this it follows [U4] that we must have in equations (38)

(39) a3l(p) = 0, a32(p) =0
If we designate

a., (p)
(ko) —(—7”‘ (1 = 1,2 k=1,2,3)
- 833\

again, by aik(p) » equation (38) takes the form
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(41) tf

a);(P) t + a),(p) x + 28 5(p) ,

x!

it

a’al(P) t+ &22(P) x + 8.23(]?) *

Transformations (41) leave the infinitely distant straight line of the t, x-plane
invariant, and are called affine. The group.{% is then called affine, or generally
linear.

C. Finally, the null-point of a space-time measurement must be the same for

all systems, i.e., from

must always follow
t'=0, x'=0
Then

must hold, so that the equations (41) are transformed into the following:

(42) t' = a ()t +a,(p)x, x'=a,(p)t+a,(p)

Now, then, t', x' are linear homogeneous functions of t, x with coefficients
which are solely functions of the parameter p . The group 4 is now designated as
a one-parameter linear homogeneous group, and its transformations leave the infini-
tely distant straight line of the +t, x-plane, and moreover, its zero-point,
invariant [4] .

It is hardly worth meﬁtioning here that the coefficients aik(p) must not be
selected arbitrarily but subject to certain conditions if the transformations are
to form groups. In the following, we shall occupy ourselves with the determination
of the form of these coefficients.

III.

10. We may now summarize all the suppositions which we have made concerning
transformation (6) in the following menner:

The transformations (6) which represent the relationship between the space-
time coordinates with respect to the original system S and the system S' con-
stitute a one-parameter linear homogeneous group with the parameter p .

In order for equations (43) to be transformed for the parameter value

P=D into equations (15), which represent the identity transformation,



F-124
12
(1) an(py) =1, a,lp) =0
a2l(PO) =0 2 a22(PO) =1

must hold. For the parameter value p = P, + Sp , Wwe there fore obtain the

coefficients
au(po + Bp) =1+ all (PO)SP )
()4.5) ael(:po + 61)) = a2l' (Po)ﬁp ’
al2(PO + 61)) = am'(Po)ap)
[ oaa®, ¥ ) = 1+ 2! (2 ),

and if we let
) - 1 -
all (po) - all’ 8’12 (po) - a12 )
(46) ' ' -
851" () = o10 Bpp'(Rg) =%y
the equations for the infinitesimal transformation result [compare No. 5, equa-
tions (19), (20), (21), (22)] 4in the form

(47) &t = (allt +o&2x)§p, Bx = (azl t +-a22x)§p,
so that for the linear homogeneous group (43), we have

(48) (t,x) =«

= +
19t o ox, §(t,x)._.aélt o, x

2

The coefficients all’ a12’ Qyqs Gpy mEY be chosen arbitrarily; only their rela- '

tionships are essential. Hence there are 3 infinitesimal transformations (47),

and each of them generates a definite one-parameter linear homogeneous group (43).
11. If we now examine a certain transformation of /3' y l.e., if we impart

some fixed value to the parameter p , by differentiating the equation (43), then

we obtain equations

(49) at' = a; (p) « at + a,(p) . ax,  dx' = s, (p) . 4t + ay,(p) . ax,

from which it becomes evident that the differentials dt, dx are transformed in
the same manner as the two finite quantities t, x ; that therefore the two
pairs of quantities t, x and dt, dx undergo the co-gradient (kogredient)
transformations (43) and (L49).

From equations (49) follows
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axt ay,(p) « at + a,,(p) . ax

at'
a.ll(p) . dt + ala(p) . dx

(50)

and, therefore, because of (27) :

ael(P) + 8'22(}?) - W
a,(p) + a,,(p) « v

(51) w! =

This equation, which gives the transformation of the velocity w into w' ,
now takes the place of equation (28) and, along with equations (43), represents
the first extended group 451 . Of special importance is the circumstance that in
the case of the linear group, w' 1is only a function of w and p , but does not
depend on t and x .

The infinitesimal transformation of the velocity w is finally obtained by
means of (34) and (38) in the form:

(52) Bw= - [-ay +(ay, ~a v+ o) op,

from which it may be concluded that the function n(t,x,w) in (35) is now free of
the quantities t and x . By means of this infinitesimal transformation, the
velocity w 1is transformed, using (33), into w'= w + & and thus remains

unchanged 1if and only if

(53) Bw = O.
This holds true for those velocities which are roots of the quadratic equation
5 _
- - + = .
(54) apy *+ (g = G )W + AW = 0

These remain unchanged when undergoing the infinitesimal transformation, and, there-
fore (and as we shall show at the end of No. 12) when undergoing any finite transfor-
mation of the group /9 . In the following, we shall call them preferred (ausgezeich-
net) velocities, and we make this supposition:

The velocity w= 0 (i.e., at rest) ought not to be a preferred velocity,
from which it follows that we must have

x .
(55) 2 T O
Due to supposition (55), the case

% = oo 10 %1 =

in which equation (54) is satisfied identically and according to which each velocity
w would be a preferred one, is excluded at this point. But in all the other cases,
we have only two preferred velocities, which we shall designate by cq and s

namely,



F-124

1k
+ - -
Op = &y TV E e e s A
2% 20,
where
2
0= (@) - &y,)" + ka0
The symmetric fundamental functions of the roots cl and 02 are
o
(58) cl+c2—_-i“—2_?__l_l—, clc2=_;2l,
a12 12

By means of these relations, the infinitesimal transformation (52) may easily be

put into the form ¢

(59) 8w=a21< -‘5’1> <1—Z—;>8p

where the significance of ¢y and c, as preferred velocities is immediately

apparent. v.
12. Now, in order to find the finite equations (43) and (51) of the extended

group /51 , which is generated by its infinitesimal transformation (47) and (52),

we would, in accordance with No. 6 (36) , have to integrate the simultaneous

system |

(60) dt! - dx! - dw! = dp

allt' + alzx' a21t' + aagx' -[- oy, +(a11 - a22)w' + alzw'Z]
with initial conditions (37). Meanwhile, we only want to determine equation (51)
in this manner for the transformation of the velocity w , by meking use of the

circumstance that w' dJdepends only cn W and p , but not on t and x , so that

we directly integrate the equation contained in the system (60),

(61) dw! = dp
1 271
- - + - wi+ o wt
[ a21 (all o‘22) 12 ]
with the initial condition
(62) w'=w for p=2p

o

separate from it. We next obtain

w'
(63) JF dv’ s— = U/P dp ,
) ]

-] - - \ 1
W [ a21+ (all a22) Wt o+ oy v D,

and from this, eva;uating the integrals and noting that the two preferred velo-

cities ¢ and c¢ are the two zeros of the denominator in the first integral of

1 2
(63):
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(64) L= In (cp, cp W W) =D - D,
\/_e l 2 5] (o]

vhere, by (cl,ca,w,w') is understood the cross ratio of the four values c,,c,, W,

and w'; i.e., the expression

(cl - w)(c2 - w')

6 4 J,'
) o CEWW)+(CQ - W)ey - W)

From (64), there finally follows
(66) (cl, Csy Wy wh)
and from this is found, by solving for w' ,

c]_cz[l ) e\/'ﬁ(p-po)} [Cg°°l \/_G(PTPO)] .
w's= [cl'cee \/_e(P'Po)] ) [1 } e\/a(p-po)] Cw

Ve . (p-po)

w

(67)

with which the finite solution for the transformation of the velocity is found [com-

pare (28) and (61)] . 1In (67), c; and ¢, may also be replaced by their values (56)*
Finally, it can be seen fraom equation (57) that the two preferred velocities

c and c indeed do remain unchanged for every finite transformation of the group;

1 2
therefore, that they have the same values with respect to every system S' , for if

one lets
¢
W = ,
€2
it follows that
©1
w! = o = w
2

for every value of the parameter p (compare No. 11) .

13. We now wish to consider the systems S' which were introduced in Section I,
No.8, as such systems which move with different constant velocities q, with respect to
the original system S , designated as a system at rest. Then there is associated

* Note that equations (64), (66) and (67) are independent of the sign asso-
ciated with the quantity g, for if 5 is replaced by - V6 , then, by
(56), the two preferred velocities c; and c, are simultaneously interchanged
and the equations remain unchanged.
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with each system S§' & certain parameter p , as well as a definite velocity q,
fram which follows that there must exist a relation between p and gq which we
may represent in the form

(68) p = F(q)

so that the parameter p appears as a function of the velocity q .

If, using equation (68), we introduce the velocity g in equations (43) and
(51) in place of the parameter p , nothing is essentially changed in group A&l-;
q mey then be looked upon as a new parameter of the group.

In order to define the velocity q , and hence to determine the form of the
function F(q) , let us establish the following postulate:

When a material point M moves with a velocity w = q with respect to a sys-
tem at rest S, then it should have the velocity w' = 0 with respect to a sys-
tem S' moving uniformly with a velocity q with respect to S .

This postulate states that the pair
(69) w=gq, w =0
should satisfy equation (64), so that we then have
(70) p-p, = —=In (c),c,,q,0)

Vo
From this we find the desired function F(q):
(71) p =) =p_ + L fg.(__c_}___il__)_
Ve cyle, - a)
and obtain, by substituting this expression in (67),the transformation equation for

the velocity w , in the form
clca(w - q)

Z + ’
¢ ¢y (cl + c2)q qw

(72) W o=

And, finally, using (58);
(73) Loa(v ~ o)

W' = .
0,y + (ozll - ot22)q + alzqw

From (71) it follows further that the parameter pO of the identity trans-
formation, corresponds to the zero value of the velocity q ; that therefore the
system at rest S is to be regarded as that one among the systems §S' which
moves with velocity q= 0.

14. If we henceforth regard the velocity gq as the parameter of our group

and set
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(T4). aik(F(Q))Ebik(Q)’ (i,k = 1:2) )
then, in lieu of (43) and (51), we obtain, the equations:
()-#3&) t' = bll(q) hd t + blz(q) . X, X' = bel(q) .t + b22(Q) . X

and
b, (a) + b (a) . w

=B (@ F o (@) . v

(51a) w'

which now define the group é’l . If ve set w= q in equation (5la), then w!
must become zero regardless of the value of q . From this follows the identity:

(75) bEl(q) +q . b22(q) =0

If we now use the new equations (43a) and (51a) as the fundamental equations
of the group /&l’ then the value q = 0 yields the identity, and therefore the
value q = dq yields its infinitesimal transformation. We may also consider it
even now as given by equation (47); for by introducing the new parsmeter g, the

values of the coefficients .. —may themselves be altered, but not so their

ik
relationships - and after all, only these are essential.

By normalizing the parameter of the group, the coefficients aik are them-
selves given definite values, whereas up to now, only their relationships had been
fixed.

Indeed, according to (L45) and (46):

Therefore, setting q = 8q in identity (75) and omitting members of second
order in ©8q , we obtain :

i. e.,
(76) azl = -1 b
since 8q 9= O . Thus the coefficient ®,, » which had hitherto been connected

only with the inequality (55), is now determined exactly.
Using (44) and (46), we further obtain the following equations for the new

coefficients b, (q) in (k3a) and (51a):

. b,,(0) = 1, b.,(0) = 0,

() s e
b2l(0) = 0, b22(0) =1

and
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1 - ' =
(14»6&) 1 - o 1 =
b,; (0) = - 1, b, (0) = Oy
If we further substitute the value (76) in the equations (47) and (52), we obtain
(472) &t = (allt + Ctlzx)aq, &= (-t + O£22x)8q

for the infinitesimal transformation of group ﬁ and
(52a) dw = - [1 + (Ot:L - a, )w + oW ]Sq,

for the infinitesimal transformation of the velocity w , or, from (59) ,
(598) B = <1-_><1_._\aq.

The finite equation (73) for the transformation of the velocity w transforms into

w-49g
1+ (ozl:L - cx22)q +al2qw

(73a) w o=

and from (57) finally there results
2
(57a) 0= (o, -0,,)" - ha, .
15. If we combine the transformation (73a), which belongs to the parameter q

and which transforms w into w' , with a second transformation of the same kind,

(17) wh= T3 (@ Y'a- <)1:l' o, qw
11 22 12

vhich belongs to a parameter of value q' , and transforms w' into w",
then it is a consequence of the group characteristic of our transformations that
the resulting transformation, which transforms w directly into w" , must be of

the form
1"

(78) v T @ W--ozCl ) q

Gpp OV
where the parameter value q" , by virtue of (13), is a function of q and q' .
In order to determine this function in our case, we merely have to carry out

the actual combination of the two transformations (73a) and (77) . We then obtain:
K— W - q

- gt
TF (0, -0 )aFa, av 4
w"=
12<;.(W~-q)
1+ (ag1~ap)q’ +1+(a FE AR
117%02 12
(79) < o .
w._a*tq + (%1 - %2)gq
= e 1-"12 4949  ANCRCT)
arq o qtg - *2)q q'
1+ - opp) 1L - 92204 9" + gp - ; W
L 1- 05 qq l-&12qq
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and from this, there follows, by a comparison with (78),

] - 1
- e .
(80) = .
q 1l - @, q'

*

This equation, which now determines the parameter group JF of our group ﬁ (and /,9 l)
expresses the addition theorem of the velocities q , where q" signifies the velo-
city of a system S" referred to the system at rest S , and where S" moves with
a velocity q' with respect to a system S' which in turn possesses the velocity
q with respect to the stationary system S .

Finally, if equation (77) is to represent the inverse transformation of (73a),
then,

v''=w
hence, the resulting transformation (78) must be the identity transformation, and
"

therefore q" must be zero. But then, as a consequence of (80), when we designate

the parameter of the inverse transformation of (73a) by q , we have

(81) g+t a+ (@, -%,)aa=0
and, hence,
— — q .

(82) Y R

If this value is substituted in place of q' in (77), then one obtains for the

inverse transformation of (73a)

t - ]
(63) o 1T T O Gpla v
1- a12q w!
which may also be obtained directly by solving (73a) for w .
Formula (83) demonstrates that w is found from ¢ and W' in exactly the
same manner as q" is found fram q and q'. This analogy is explained without
difficulty on the basis of the kinematic meaning of the two equations (80) and

(83)

V.
16. Before we establish the finite equations (43a) of group 4 in the gen-
eral case, we should like to have a closer look, by way of example, at the two

* If the original parsmeter p of the group is retained, e. g., as occurs
in (67), then the equation (13) of the parameter group becames p" = p + p' - Py
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special one-parameter linear homogeneous groups (2) and (1) of the Galilean and
Lorentz transformations mentioned at the beginning.
The coefficients bik(q) of group (2) of the Galilean transformations are :

(84)
b (a)=- q, by(a) =13

from which we obtain for q= 0 :
bll(O) =1, blz(O) =0,
Said b2l(0) =0, b, (0)=1,

in agreement with the equations (44a) . It then follows from (84) that

bzlt(Q) =-1, b22'(q) =0,

and, therefore, by (46a) :

(04 = b I(O) =0 a = b I(O) =0,
(L46b) 11 - 11 ? 12 12
» azl = b21|(0) =-1, 022 = b221(0) =0,

so that equation (76) is satisfied. For the infinitesimal transformation (47a) and
(52a), the result is thus:

(¥7p) Bt =0, Bx=-1tbdgqg

and

(52b) Bw = ~ Bq ;

and finally we obtain according to (57a) :

(57p) =0,

so that the two preferred velocities cl, c2 become equal to one another; that is,
specifically

(86) c =y =,

while the finite equation (73a) for the transformation of the velocity is trans-
formed into
(73p) w'=w-q

For the group (1) of the Lorentz transformations, the coefficients bik(q)

are given by :
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(- -—g

b(a) = —FE——, b(a) =

e

)

5

1-9 - 1 - 95

(87) | c? Vo .
S S

N

1-"5

C

I

V-2

from which, for q = 0 , the equations (4l4a) again result. For the derivatives b
of these coefficients, we find:

ik’

! % —
b,.'(a) = < 5> b () = > ,
11 2 121 2
S Tk
2 2
88) 1 ¢
( S
(a) -1 b, (a) ¢
b,,'(a) = ’ Q) = ’
21 » 5 221 2
- (1_J_>3/2 (1- _3.>3/2
L 02 c2
and, from this results, using (46a):
@, =1b,'(0) =0, g, =b,,(0)=- 25,
(1'50) c
Gy = by '(0) = -1, &y, =D,"(0) =0,

where equation (76) is again satisfied. The equations (47a) and(52a) for the infini-

tesimal transformation now become

(47c) 8 = - & Bbq , & = - tdq,
c
and
_ W2

(52c) = - (l -3 )%
so that we obtain the following values for the two preferred velocities Cys Cp3
(89) c1=—c, 02=+c
while, by (57a), 6 becames

L
(5Te) 0=

Finally, we obtain, fram (73a) for the transformation of the velocity w , the
finite equation :
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(738.) w:=.__l'_9._.
l-—%w
[
VI.

17. We now proceed to establish the general equations of the one-parameter
linear homogeneous group /9 5 i. e., to determine the coefficients bik(q) in
(432).

From & comparison of the two equations (5la) and (73a), which must agree with

one another, it follows that the four coefficients:

r b,(a),  b,(a),

(50) bpy(2),  byy(a) -

must be proportional to the four quantities

(91) . 1

where the factor of proportionality which is still to be determined can only be a
function of q alone, which we shall designate by (q) , so that then

b (@) =aw(q) . [1+ (2, -a,)al, b,(a) =wld) . a5

(52) b,,(a) =w(q) . (- a), Paple) =ola)

whereby, moreover, identity (75) is also satisfied. By substitution of the quanti-

ties (92) into the equations (43a), we obtain these in the form

t' = w(q){[1 + (o, - &, )alt +aax ),

(93)
w(g){ - gt +x},

x!

where the function (g) is not determined as yet.

18. By means of equations (93), we can draw inferences concerning the kine-
matic significance of the factor w(q), even before we have determined its form.
Namely, if we examine a material point M , which moves on the x-axis with a con-
stant velocity w with respect to the system S and which is found at the point
x=a at the time t = 0, then its motion with respect to S 1s given by the
equation
(9%) x=atwt
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Now, in order to find the equation of motion of M with respect to a system S!
moving towards S with velocity g, we solve the equations (93) for t and x ,

whereby we find the equations

f-t _ £ - a2 q x! ,
o(@)[1 + (@, - a,,)g + alzqzl
(95) 3
o —at+ 1+ (31 ~ %2)glx!
= 2
L o(g)[1 + @, - a,,)a +@,,q7]

for the inverse transformation of (92), and substitute the expressions (95) which
have been found in (94). Thereby we next obtain

1 - 1
gt + [1+ (all a22)q]x
= - 2 1 ]
all + (all O£22)q + g ] w(q) + wt' - @ ,aox',

s0, when we solve this equa;_ion for x', we get

2
1+ (o, -ayy)a+ d,q
o =8 11~ %o 129 )
J 1+ (o) - ayp)a + apav
(96)
. W -qg _ £ .
L 1+ (e - %p)a + appaw '
or
(971) x''=a' +w' t',
where

1+ (%3 - %0)g + Y12 @@

(98) al=a -
L+ (o) - app)a + apav

. o(q)

signifies the value of x' at the time t' =0 and w' is the velocity of M
with respect to the system S' given by (73a).
We now consider two material points Ml and M2 , whose space-time coordi-

nates are tl, X, and t2, X, in the stationary system and which move with the

1
same constant velocity w . If then at time

tl=t2=0

the positions of Ml and M2 are given by

X1
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then the equations of motion of these two points with respect to the system S are:

(99) X, =8 *vt, X, = &, + W t,,

while their equations of motion with respect to the system S' moving toward S

with velocity q are :

L} 1 1
= = g! 1 41
(100) x, =8 +w tl, X, = &) + W't}

vhere tl', xl' and t2', x2' signify the space-time coordinates of Ml and M2

measured in system S'; further, by (98):

2
, 1+ (% - %p)a+ %y
1+ (all - 22)q + alzqw

1+ (o, -~a,, )g+a q_2
a2' "2 1+ (il - (]1-2 )g + ;2 qw - ola)
\__ 11 22 12
and the velocity w! of the point with respect to S' 1is again given by (73a) .
Since both points Ml and M2 move with the same velocity w on the Xx-axis,
we may think of them as the end points of a rigid rod, the length 1 of which,
measured in the system S, we obtain as the distance of two positions of Ml and

M,, taken simultaneously with respect to S, if in (99) we let:

(101)

tl=t2

and subtract the first equation from the second:
(102) l=X%X,-X. =a, -a

Similarly s> when we use the relation

in equations (100), we find the following value for the length 1' of the rod
measured in system §' '

(103) 1 W =x"'-x"'"=8g"' -a',

So, by (101) and (102), o
1+ (ozll - a22)q + o.'leq

1= , .a)(q).z.r
QM) o lF (o mayp)ata, aw |

Finally, if we assume that the rod is a rest with respect to the system 8'; that,
then, w'= 0, so it moves, by (69), with velocity w = q with respect to the sys-
tem S. Then, from (10k4) '
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(105) 1= o(q) .1
and, consequently:

The function (q) signifies that factor with which one must multiply the
length 1 measured in the stationary system S of a rigid rod moving uniformly
with velocity w = q with respect to S, in order to obtain its length 1' in
that system S' with respect to which it is at rest. '

The factor w(q) is designated as "contraction".

19. Finally, to determine the form of the function (q) we combine the
transformation (93) belonging to the parameter value q , which transforms the
pair t, x into t', x', with a second transformation of the group /ﬁ :

_t"

(1)( q.' >( [l + (all - a22)Q.' ]t' + a12 q.' X' } 2
(106) '
x" = o(q'){- q" t' + x')

which belongs to the parameter value q' and which transforms t' , x' into t",
x" . From the group characteristic of the transformation (93) then follows that
the resulting transformation, which transforms t, x directly into t", x" must

be of the form
(_t"

xll = u)(q")[_ q" t + x)
where the parameter q" 1is given by equation (80) as a function of g and q' .
If the combination of the two transformations (93) and (106) is actually car-

ried out, one obtains taking into account equation (80):

(D(q")[[l + (all = a22)q.“]t + alzq." X } 2
(107)

t" = (1 - @, et Jo(a)e(q’ )1 + (@) - @,,)a" ]t + 9" x} ,

(108)

x" = (1 -a, qa' (gl )(- q" t +x"],

and from this follows, by camparison with (107):

(109) o(q") = (1 - &, aq") ola) o (g'),
that is, by (80):
+q' + (@, -a,,)a q
(110) m( iava 11 - %p/d 4 >= (1 - o, @ ' de(@la) -

- [
1-a,4q4q

This is a functional equation, with the help of which the function «(q) may be
determined. For this purpose, let us differentiate (110) with respect to q' and
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then set q' = O, vwhereby, we obtain:
2. _ ' _
(111) o (@)1 +o, - ayy)a + @, ) = o(g)w'(0) - a,w(0)a] .
Now, according to the last equation in (92)
w(q) = bys(a),

so that, using (4la) and (L46a) we obtain for the contraction o(q) the conditions

(112) ®(0) = b,y,(0) =1
and,

- 1 -
(113) ' (0) = b,,'(0) = @,
by means of which the differential equation

2
1) - = -

(11h) o' (Q)[1 + (ay; - o,5)e + @,97] = ofa)le,, - a, al
results, using (111) and initial conditions(112). It follows fram (114) that

Q.. - Q. .q

! 22 12

(115) 5

CVRA - + 2
1+ (g - Opple + Gpd
~and, therefore

4 q,, -Q..q
(116) ﬁ‘i’-'-éigdq.—.f g2 12 5 dq .
,, ® i 1+ (o
o] (o]

- +
11 " %ep)a * ¥ypd
If the integrals on both sides are evaluated and the resulting equation for w(q)

is solved one finally finds the expression
a.+a
all - aée +\/e . 11 722

N 1+ = 2 Vo
(117) w(q) = 5 ;
' V1 + (o - ayp)a + o apy - %y - VO
1+ 5 q

for the contraction. This indeed satisfies condition (113) also.

With this, the finite equations (93) of the general one-parameter linear homo-
geneous group which is generated by means of the infinitesimal transformation (47)
under the supposition (55), are fully determined.*

*Equation (117) is not affected by a change in sign of /8 either (Compare
the footnote to No. 12).
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20. For the Galilean group, one finds, specifically, using (L46b):

(117a) w(q) =
and for the Lorentz group, using (L46c):
(117p) o(q) =

This conforms with equations (2) and (1) .

VII.

21. We now proceed to utilize postulate B of our introduction and to examine
which of the w5 transformation groups which are given by equations (93) and (117)
lead to a contraction w(q) , which is an even function of the velocity gq; i.e.,
which does not favor either of the two directions of the x-axis.

For this, it is certainly necessary and sufficient that the differential quo-
tients of odd order of the function w(q) vanish at the point gq = O . Specific-
ally, we have:

(118) (g—‘;—> - 0'(0) = (d > (0)
| o

We thus, determine the quantities (0), w'(0), w"(0), w"'(Q).

The first two are given by equations (112) and (113); we obtain the remaining

I
o

ones in the simplest fashion by repeated differentiation of equation (114). If we
simultaneously set g = 0, this yields

(119) w"(0) + (0‘11 - 2a22)a)'(0) + °‘12“’(°) = 0,
(1=20) w™(0) + (20‘11 - 3a22)m"(0) + l;alzw'(o) =

It follows from this that

(121) w"(0) = - 2

Op = Opp(@yy o)

(122) wm(0) = 20 oy 4o (20 f — e, - Ty a, + 67

From the first of the equations (118) it follows, in conjunction with equation
(113), that

(123) ¢y, = 0
and in conjunction with (122):
(124) allala =0 .

Hence, the equations (123) and (124) must necessarily be satisfied when the
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transformation equations are to yield a contraction which satisfies postulate B .
We shall soon see that the existence of equations (123) and (124) is also suffi-
cient for this.

22. Namely, there are, according to equation (12L4), three subcases:

(125a) 1. @,=0, 0,=0,
(125b) 2. @, =0, a12+ o,
(125¢) 3. a11+ 0, @,=0.

To each of these subcases corresponds a certain type of transformation equa-
tions which satisfy our postulates A and B .

As may be seen fram equation (93) in conjunction with (117) and (117a), the
first subcase yields the group of Galilean transformations; the second subcase,
the group of lorentz transformations, as may be seen from equations (93) in conjunc-
tion with equation (117) and (117Db).

23. The third subcase however, leads to a group which has not yet been treated.
It follows from equation (117) in conjunction with (123) and (125c):

(126) w(q) =1
and from equation (93):

-tl

(127) (1+ allq)t’

x'=-qgt+x.
The preferred velocities have the values:
(128) cl=-éL, . =w
11
since these are the roots of the quadratic equation (54) when its coefficients satisfy

the conditions (76), (123) and (125c). The transformation equations (127) may then
be written in the form:

tt= (1-49) %,
(129) 1
) x''=-qgt+x

The regulation of the clock represented by this transformation may now be inter-
preted physically in a manner similar to that which Einstein [5] used for the

Lorentz transfofmation.
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Suppose that at time t = 0 , a ray of light emanates from the origin in the
positive direction and propagates with velocity c:L . Now, when a body moves with
the velocity q , then the light has the velocity ¢y
tem at rest) with respect to this body. Now, if we wish that the velocity of the
light ray with respect to the moving body should still be ¢, We can attain this
by changing the rate of the clocks in the ratio ¢y to (cl—q). But thereby we
introduce in the moving body a time +t!' , which is given by:

g -4q
1
i.e., by the first of equations (129). This regulation of time corresponds to the

Doppler principle. We will therefore designate the equations (129) as Doppler trans-

- q (in the time of the sys-

£ =

t,

formations.

The Doppler transformation is essentially different from the Lorentz trans-
formation in that for a body moving with velocity g the same time prevails at all
positions; there exists no local time, and, what is more important: when we have
made provisions for the regulation for the light rays propagating in the direction
of the positive x-axis , which therefore now possess the same velocity ¢y in all
> 0), then the velocity of propagation of light
1 with respect

to the system at rest, for this reason is not yet the same with respect to all

moving bodies (here we presuppose cl

rays which prcopagate in the negative direction with the velocity ¢

moving bodies.

For just because c, is a preferred velocity, (-cl) is not such a velocity

1

(a priori) . According to equation (128), this would only be the case for cj

i.e., all = 0, But, in that case, we are dealing with a Galilean transformation.
On the other hand, for the Lorentz transformation, as a result of equations

(76), (123) and (125b), we have

=m’

c,=-c,=¢ (comp. also equation (89)).

We may therefore summarize the result of our investigation in the following
manner:

Among all transformation equations which correspond to one-parameter linear
homogeneous groups, there exist three types for which the amount of contraction
does not depend on the direction of motion in absolute space: Among these, only
one type has as its consequence an actual contraction of lengths, namely, the
Lorentz transformation [equation (1)], while the other two types, the Galilean
and the Doppler transformations [equations (2), (129) respectively], leave their
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lengths unchanged. For the Lorentz transformation, the velocity of light in all
moving systems has, for any arbitrary direction of propagation, the same finite

value c . For the Doppler transformation, however, this is true only for propa-

gation in one direction; for the Galilean transformation, only if the velocity of
light were infinite.

Vienna, January 15, 1911.
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